A new mathematical approach of the phenomenological theory, originally developed by Suzuki, has been applied to the martensitic transformation of bcc to 9R close-packed structure which has the "ABCBCACAB" stacking order . Analytical equations for the habit plane indices and the magnitude of the lattice invariant shear are derived. The magnitude of the lattice invariant shear, the habit plane, the orientation relationship, and the shape deformation are theoretically predicted for the cases of Cu-Al and Cu-Zn alloys. Previous theoretical treatments of the crystallography of the bcc to 9R transformation are critically discussed in comparison with the present treatment.
I. Introduction
For the past decade numerous examples have been reported(1) that the high temperature bcc phase of noble metal base alloys for a certain composition range transforms martensitically into the 9R close-packed structuret which has a stacking order of "ABCBCA CAB". Since this type of martensitic transformation is now known as one of the most frequently observed martensitic transformations, it is strongly desired to perform a theoretical crystallographic analysis on this transformation system. Several attempts (4)- (9) were made to predict the crystallographic features of the bcc to 9R transformation, using the formal method of the phenomenological theory. However, all of these treatments are unsatisfactory as will be discussed later.
It is well known that the so-called phenomenological theory of martensitic transformation is based on the assumptions that there should be no average distortion at the matrixmartensite interface (i.e., at the habit plane) and furthermore this interface should remain unrotated during the transformation. From this basic condition crystallographic features such as habit planes, orientation relationships, In the previous literature the 9R closepacked structure was conveniently described as an orthorhombic lattice in which c-axis is perpendicular to the close-packed planes. In the present work, however, the 9R structure is more generally expressed as a monoclinic lattice so that the equations derived may be applied not only to the ideal close-packed 9R structure but also to the non-ideal close-packed 9R structure. Figure 1 shows an atomic arrangement of the 9R structure in the monoclinic coordinate, where (a) shows atom positions in three kinds of close-packed planes, A, B and C, and (b) shows the stacking order of these close-packed planes along c-axis. The lattice constants of this monoclinic structure are denoted by a, b, c, and /o as shown in Fig. 1 . A deformation which generates the martensite lattice from the parent lattice is usually called the "lattice deformation". The lattice deformation in the bee to 9R transformation is assumed to be as shown in Fig. 2 . The essential part of this lattice deformation is (1) an expansion of the bee structure along [101]bCC and a contraction along a [010]bc, direction (the normal to the plane of Fig. 2(a) ), which transform (101)bcc planes into close-packed planes; and (2) the slide of these close-packed layers over one another to attain a correct stacking order ( Fig. 2(b) ). This mechanism of the lattice deformation was first proposed by Nishiyama and Kajiwara (14) and confirmed at that time by the fact that the superlattice in the martensite is the one which is expected l to form by this mechanism. It is easily seen f rom Fig. 2 (2) where C-1 is the inverse of the matrix C. The corresponding relation between the planes (h k l)b,c and (h k 1)9R is expressed by using the row matrices n,,=(h k 1)bcc and nM=(h k l)9R:
It is well known by the phenomenological theory of martensitic transformation that a certain amount of deformation must be introduced in the martensite to attain an undistorted habit plane. This deformation is usually called the "lattice invariant deformation". The lattice invariant deformation in the 9R structure martensite is assumed to be a shear on the (001)9R plane in the [100]9R direction, because electron microscope studies (5)(14) 
where and g is related to the magnitude of the shear g' by the equation g'=ga/c sin f0. The matrix G-1 is the inverse of the matrix G. A combined effect of the lattice deformation and the lattice invariant deformation is seen by the substitutuion of eqs. (2) and (3) into eqs. (4) and (5), which leads to
The matrices C-1 and G-1 are calculated as follows:
Then eqs. (6) and (7) turn out to be (8)
It is therefore concluded that, as a result of the lattice deformation and the lattice invariant deformation, the vector [u v w]bCC and the plane (h k 1)b,, in the bcc crystal are transformed by the above equations into the vector [u' v' w']9R and the plane (h' k' 1')9R in the 9R crystal, respectively. Now denote a habit plane as (1 Y Z)bcc and an arbitrary vector lying in this habit plane as probable in the case of the disordered 9R structure, but actually the 9R martensite is ordered and the faulting with these displacement vectors produces antiphase boundaries besides the stacking faults (see Fig. 3 in the succeeding paper). Therefore the stacking faults with these displacement vectors are energetically unfavorable. (10) and (11), we obtain (12) Since [1 y z]b,c represents an arbitrary direction lying in the habit plane, eq. (12) should hold for any value of z, hence each coefficient of z in the equation must be zero. That is, (13) From eq. (13) g, Y, and Z are obtained as follows:
By using the relation g'=ga/c sin fl,, the magnitude of the lattice invariant shear g' is then (19) and accordingly Y and Z are also dependent only on the lattice constants of both phases (see eqs. (16), (17) and (18) The magnitude of the lattice invariant shear can be calculated using eq. (19) using the lattice constants of the parent phase (bcc) and the martensite phase (9R). As seen in eq. (19) , two values of g' are obtained, but the larger one is discarded because it is physically unfavorable.
(1) Cu-Al system The lattice constants of the 9R structure martensites of Cu-Al alloys with 22.6-26.2 at %Al are listed in Table 1 . These lattice constants were previously obtained by the X-ray powder diffraction method using a diffractometer (16) . In the case of Cu-Al alloys the 9R
The true lengths of b and c are twice those listed in Table 1 because of the existence of a superlattice in the martensite structure. However, for simplicity, only its fundamental lattice is treated in the present work, which does not lose any generality. The ratios between the lattice constants in the case of an ideal closepacked 9R structure are a: b: c =,/3: 1: 3.x/6 (= 1.732: 1: 7.348). Alloy 2 has these ratios.
As far as the ratio of a to b is concerned, the other alloys have also the same ratio as that of the ideal close-packed structure. These lattice constants of the 9R structure were used to calculate the g' values. The lattice constant, ab, of the parent phase used for the calculation was taken from data of Tarora (17), namely, ab=2.91A. This lattice constant was assumed to be invariant for all the alloys listed in Table 1 . The calculated values of g' are listed in the last column of Table 1 . It is most surprising that these values are very small compared with the corresponding value of the lattice invariant shear in the fcc to bcc martensitic transformation. The g' values in the present case correspond to a shear strain of only about 1.5 %, while a typical magnitude of the lattice invariant shear in the fcc to bcc transformation is about 25% strain. Another important feature is that the calculated values of g' in Table 1 have the positive sign.
(2) Cu-Zn system It is very difficult to obtain the lattice constants of the 9R martensite of Cu-Zn alloys because the bcc to 9R martensitic transformation usually takes place at low temperatures and no martensite plates are retained when the specimens are brought back to room the extreme corner to the Cu-rich side in the Cu-Zn phase diagram can be partially transformed into the 9R structure martensite by merely quenching to room temperature. In Table 2 Lattice constants of 9R martensite of Cu-Zn alloys and theoretical magnitudes of the lattice invariant shear, g'. this manner, using Cu-38.6 at %Zn alloy (the same alloy employed in reference (5)), the present author could obtain martensite plates of the 9R structure at room temperature and from electron diffraction patterns of these martensite plates the ratios of the lattice constants of the martensite were determined to be a: b: c: =1.683: 1: 7.282 and the angle spacing between the close-packed planes of the 9R structure was estimated to be 2.134A from X-ray data reported by Masson and Govila"). (Line No. 3 of X-ray diffraction lines in their paper was assumed to correspond to the interplanar spacing.) This interplanar spacing (2.134A) is equal to c sin p0/9. Thus the absolute values of a, b, and c were obtained. These lattice constants are listed as alloy 1 in Table 2 . Very recently Tadaki et al. proposed a "modified" 9R structure for the low temperature martensite phase of Cu-Zn alloy (19) (20) . The basic assumption of their structure model is that Cu and Zn atoms contact rigidly with each other not only in the close-packed plane but also between the close-packed planes. To realize this condition a kind of shuffling of close-packed planes has to be introduced. The c-axis of this structure is then inevitably inclined from the direction normal to the basal plane. The lattice constants of this modified 9R structure are listed as alloy 2 in Table 2 . The equations derived in the preceding section hold also for the modified 9R structure. The lattice constant of the parent phase was determined to be 2.930A using X-ray data reported by Masson and Govila"8) . The g' values were then calculated for these two sets of the lattice constants. It should be noted that the magnitude of g' is also very small (about 0.5 % shear strain) for this case. It may be worth noting that the magnitude of g' is still smaller compared with that of the Cu-Al martensite.
Habit planes
Habit planes are calculated by eqs. (17) and (18) using the lattice constants of the martensite (9R) and the parent phase (bcc). For the Cu-Al system the lattice constants of alloy 2 were used for the calculation, for the ratios between these lattice constants are equal to those of the ideal close-packed structure. The g value in eqs. (17) and (18) was calculated to be 0.0602 by eq. (16) . For the Cu-Zn system the lattice constants of alloy 1 were adopted and the corresponding g value is 0.0260. The calculated habit planes are as follows:
Orientation relationships
The orientation relationships were calculated by using again the lattice constants of alloy 2 for the Cu-Al system and those of alloy 1 for the Cu-Zn system. The calculation was performed on the martensite variant of which the habit plane indices have the positive sign.
(1) Cu-Al system It is seen by eq. (9) with g=0.0602 that the habit plane (1, 3.711, 4.071),,, is transformed into (-5.071,-3.711, 11.588)98. Since the habit plane is invariant during the transformation, (1, 3.711, 4.071)bcc must be parallel to (-5.071,-3.711, 11.588)9,. Any given vector lying on the habit plane must also be invariant during the transformation. For example, the intersection of (100) (23) the (114)98 plane was found to be parallel to (0.0109, 1.0152, 1.0104)6°. The angle between this plane and (01l)bcc is again less than 48'. Taking into account of the accuracy of the lattice constants used for the calculation, it can be stated that (2) Cu-Zn system The same method as described above was used for the Cu-Zn system. Equations corresponding to eqs. (22) and (23) 
Shape deformation
It is well known that the total shape change which produces the surface relief effect in the martensitic transformation is an invariant plane strain. The invariant plane is, of course, the habit plane. This total shape change is simply called the "shape deformation". The direction and the magnitude of the shape deformation are defined by the direction and the amount of the displacement of the unit vector normal to the habit plane. As in the previous section, the lattice constants of alloy 2 of the Cu-Al system and alloy 1 of the Cu-Zn system were used for the calculation. 
IV. Discussion
We first discuss in general the equivalency of the present treatment by the Suzuki method and that of the formal crystallographic theory. Take up, for example, the Wechsler-LiebermanRead theory for this purpose. In the W-L-R theory, the total shape deformation in the transformation, with matrix representation P1, is written as the product of three matrices P1=RBP where R, B and P designate a rigid body rotation, a lattice deformation and a lattice invariant shear, respectively (21) . The inverse of the matrix appearing in eq. (1), i.e., C-1, corresponds to B and the matrix G in eq. (4) corresponds to P. The matrix in eq. (8) corresponds to BP which is denoted as F. In the W-L-R formulation the following characteristic equation has to be solved to obtain the magnitude of the lattice invariant shear and the habit plane indices.
The corresponding equations are eqs. (10) and (11) in the present formulation. As was shown in section 111.3., the orientation relationship is immediately given in the present treatment by the condition that the habit plane must be unrotated and any given direction lying in the habit plane must also remain unrotated. This same condition gives the rigid body rotation matrix R in the W-L-R theory and thereby determines the orientation relationship. Thus there are one to one correspondences between the present treatment and the W-L-R treatment. However, there is an important difference between these two treatments, that is, in the W-L-R treatment or the other standard treatments the deformations involved during the martensitic transformation are expressed by the coordinate fixed either in the parent crystal or in the martensite crystal, while in the present treatment these deformations themselves are not calculated but only the transformation relations resulting from such deformations are considered, and thereby actual numerical calculations are greatly reduced.
As shown in the present work, the Suzuki method is especially powerful when a complicated lattice deformation is involved, and analytical equations for the magnitude of the lattice invariant shear and the habit plane indices can be quite easily obtained by this mathematical approach. Now we shall discuss, in comparison with the present work, several crystallographic analyses of the bcc to 9R transformation previously performed by various workers. (4) In this work the crystal structure of the Jai martensite (9R) of Cu-Al alloys was assumed to be an fcc with extremely high densities of stacking faults and the transformation was considered to be from bcc to fcc. They applied the W-L-R theory to this transformation to obtain the magnitude of the lattice invariant shear and the habit plane indices. The calculated shear was 0.251 in the [112]fcc direction on the (1-11)f,, plane and the calculated habit plane was (0.1791, 0.6648, 0.7252)bcc. The stacking fault density giving this shear strain is 0.355 and this value was compared with fault densities of 0.44 which were obtained from an analysis of the electron diffraction patterns of the martensite. The evaluation of these fault densities was made using the Patterson's equation (22) on the assumption that the observed main diffraction spots were those of an fcc structure which are shifted from their normal positions owing to stacking faults on the (111)f,, plane. Since their basic assumption of the crystal structure of the martensite is not correct, these analyses of fault densities have little meanings. However, their calculated habit plane is almost the same as that of the present work. Let us discuss this coincidence. An ideal close-packed 9R structure can be produced from an fcc structure by introducing stacking faults every three layers. Then the bcc to 9R (ideal close-packed) transformation can be mathematically treated as the bcc to fcc transformation if the "lattice invariant shear" in fcc includes the above-mentioned regular faulting as well as the random faulting. The treatment of Swann and Warlimont was coincident with this method although they considered that all the faults in fcc are random. Therefore, as far as the habit plane is concerned, their result is valid.
The work of Swann and Warlimont
2. The previous work of the present author (5) A 9R crystal containing cubic type stacking cubic type and hexagonal type stacking faults, respectively, in the 9R crystal. Therefore the theoretical fault density of 0.355 calculated for the hypothetical bcc to fcc (3R) transformation by Swann and Warlimont should be compared with the value of 1/m. In the work it was shown that the observed values of 1/m for individual martensite plates of Cu-24.8 at %Al alloy are in good agreement with this theoretical fault density. As for the Cu-Zn martensite, based on the lattice constants obtained by Sato and Takezawa(23) , the corresponding hypothetical 3R structure was assumed to be an fct with the lattice constants of a=3.78 A and cla= 0.944. By applying the W-L-R theory to the bcc to fct transformation, the fault density which gives the required lattice invariant shear was calculated to be 0.279 and compared with the corresponding values of 1/m of individual martensite plates. The agreement between them seemed to be fairly good. However, the lattice constants of the corresponding 9R structure which is a stacking variant of the fct structure with the above-mentioned lattice constants ferent from the true ones listed in Table 2 . These differences in the lattice constants show that the bcc to 9R transformation in the Cu-Zn system can not be treated as the bcc to fct transformation, and the agreement between the theoretical fault density and the experimental ones obtained for the Cu-Zn alloy was apparent.
3. The work of Delaey and Cornelis (6) Along the line similar to the work of Swann and Warlimont, the bcc to 9R martensitic transformation was phenomenologically treated as if the transformation were from bcc to 3R, although they have fully acknowledged that the crystal structure of the martensite is of the 9R type. In this treatment the 9R martensites in various noble metal base alloys were assumed to be a stacking variant of the fct (3R) structure with the regular faulting at three layer intervals and the tetragonality of this fct structure was thought to be different depending on the alloy composition and on the alloy system. Applying the W-L-R theory, they calculated the stacking fault densities a, for various alloys, which are to be introduced as the lattice invariant shears in the hypothetical 3R martensites. Based on the observation that the martensite plates sometimes have a mixed structure of 9R and 3R, or 9R and 2H, they 0, respectively, a martensite plate with mixed structures of 9R and 3R would have a resultant value of at less than 1/3 while a martensite plate with mixed structures of 9R and 2H would have a resultant value of at larger than 1/3. They showed several examples of these mixed structure martensites which are consistent with their criterion. However, there are two points to be criticized about this treatment. First, the assumption that the 9R martensites are simply stacking variants of the fct structures with various tetragonalities is not correct, for the lattice constants of the 9R structures corresponding to these stacking fi The 3R structure has the "ABC" stacking order and if the structure is an ideal close-packed one, it means an fcc structure. This is seen by putting a= but their treatments are not self-consistent at all. In the case of the "orthorhombic distortion", a 9R structure was considered to be a stacking variant of an fct structure. With an assumption that aYc,=af where a, and c, are the lattice constants of the fct structure, this 9R structure was described as orthorhombic with the following lattice constants:
can not be described as orthorhombic. It is monoclinic with the following lattice constants:
Delaey et al. took the length of c-axis of the unit cell of the 9R structure equal to nine times the interplanar spacing of stacking layers and did not take into account an inclination of the c-axis from the direction normal to the basal plane. In the case of the "monoclinic distortion", they considered that the c-axis of the foregoing orthorhombic unit cell is now inclined by an arbitrary angle µ from the direction normal to the basal plane. However, if they are dealing with the monoclinic 9R structure which is a stacking variant of the fct structure, the angle other hand, if they are dealing with a general monoclinic 9R structure rather than such 9R structure, then the lattice constants, ao, bo and c0, should be independent of each other. But, in their treatment, these lattice constants are mutually related through i' as seen in eq. (26). Thus their treatments for both cases of the "orthorhombic" and "monoclinic" distortions do not make any sense.
The work of Kubo and Hirano(8)(9)
Based on the formal crystallographic theory of the martensitic transformation, Kubo and Hirano calculated various crystallographic features in the bcc to 9R transformation for Cu-Al and Cu-Zn systems. Their method of the calculation is essentially the same as that of the W-L-R theory. The matrix representing the lattice deformation was factored into three matrices which are associated with the "pure distortion", the "homogeneous shear" and the "shuffling" , and the matrix representing the lattice invariant deformation was factored into two matrices which are associated with the hexagonal type and the cubic type stacking faults. Since no analytical equations for the lattice invariant shear and the habit plane indices were presented in their papers, the comparison between their formulation and that of the present work can not be made. So let us compare the results of the numerical calculations. To do this we have to use the same lattice constants as those employed in their calculations. These lattice constants are Using the above lattice constants, the lattice invariant shear g' and the habit plane indices were calculated by eqs. (16) , (17) , (18) and (19) , and listed in Table 3 together with the corresponding values calculated by Kubo and Hirano. In their original papers the lattice invariant shears were expressed in terms of the shears in the yet untransformed matrix phase, so those magnitudes of the shears must be multiplied by a factor of 9a/2c sin f3 to obtain the corresponding shears in the martensite phase. The g' values of Kubo and Hirano in Table 3 are those multiplied by this factor. As seen in this table, the values calculated by Kubo and Hirano are not identical with the present author's, indicating that they have made some mistake either in numerical calculations or in formulating equations. Furthermore, they have derived an incorrect It is quite obvious from the geometrical configuration of the cubic type and hexagonal type stacking faults (see Fig. 1 in the succeeding paper) that the cubic type faulting represented the positive direction. The above equation gives the results inconsistent with these facts. Therefore eq. (27) is not correct.
Thus it has been made clear that all of the previous theoretical treatments of the crystallography of the bcc to 9R transformation are unsatisfactory. It should be emphasized here again that the simplified method to treat the bcc to 9R transformation as the bcc to 3R + According to a private communication by H. Kubo, eq. (12) in the paper of reference 8 is misprinted and the correct equation should be g1=(l-e)/ 9(2e+1) which leads to the above equation for 9'A• transformation is not generally valid except for the case where the martensite structure is ideally close-packed.
